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Some basic tools in Geometry

♣ Today: lengths, angles, perimeters, areas



Can the perimeter of a shape be infinite?





Problems

Problem 1.
Consider a triangle whose sides have lengths a, b, and c and let s
be its semiperimeter; that is,

s =
a+ b + c

2
.

Show that its area is given by: A =
√

s(s − a)(s − b)(s − c).

The above formula is known as Heron’s formula.
♣ Question: If two triangles have the same perimeter, do they
have the same area?
♦ Answer: No! Consider a right angle triangle of sides 3, 4 and 5
and an equilateral triangle of side 4.



♦ Problem 1: Solution



Problems

Problem 2.



♦ Problem 2: Solution



Problems

Problem 3.
Given a regular pentagon which has side length a and (common)
distance b of any two non-adjacent vertices, show that
b

a
=

1 +
√
5

2
=: ϕ (golden ratio).



♦ Problem 3: Solution
To solve this problem we will use the following important result:

♣ Note: The converse is also true! If the conclusion of Ptolemy’s
theorem is satisfied then the quadrilateral is cyclic!



♦ Problem 3: Solution



Problems

Problem 4.
(Interior/Exterior Angle Bisector Theorem) Consider a triangle
ABC and the bisector AD of the angle ∠A. Show that

DB

DC
=

AB

AC
.

Moreover, if AE is the external bisector of the angle ∠A, show that

EB

EC
=

AB

AC
.



♦ Problem 4: Solution



Problems

Problem 5.
Let A and B be two fixed points in the plane. Find the geometric
locus of points in the plane such that their distances from A and B

have a constant (and known) ratio
m

n
.

♠ Hint: separate two cases: i)
m

n
= 1 and ii)

m

n
̸= 1.

The circles that occur in the second case are called
Apollonian circles.
♣ Question: What is the geometric locus that occurs if we replace
the constant ratio by constant sum?
♦ Answer: An ellipse!



♦ Problem 5: Solution (case i)



♦ Problem 5: Solution (case ii)



Problems (homework)



♦ Problem 6: Solution



Problems (homework)



♦ Problem 7: Solution



Problems (homework)

Problem 8.

(i) Find a shape (with no holes) that has constant width, but is
not a circle.

(ii) For the shape you found in part (i), compute its perimeter as
a function of its (constant) width w . What do you observe?

(iii) For the shape you found in part (i), compute its area as a
function of its (constant) width w .



♦ Problem 8: Solution



♦ Problem 8: Solution



Some useful/interesting links:

▶ https://imogeometry.blogspot.com/p/1.html

▶ http://www.imo-official.org/problems.aspx

▶ https://www.geogebra.org/t/geometry

▶ https://thatsmaths.com/tag/geometry/

▶ https://www.ucd.ie/mathstat/newsandevents/events/

mathsenrichment/

▶ https://en.wikipedia.org/wiki/Apollonian_circles

▶ https://en.wikipedia.org/wiki/Reuleaux_triangle

▶ https://www.youtube.com/watch?v=cUCSSJwO3GU&t=

287s&ab_channel=Numberphile
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